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Exercise 2.4. ⋆

(a) Let 𝑓 be the identity function. Then, 𝑓 is a bijection from 𝐴 → 𝐴, thus 𝐴 ∼ 𝐴.

(b) 𝐴 ∼ 𝐵 implies that there exists 𝑓 : 𝐴 → 𝐵 that is a bijection. Thus, for 𝑎 ∈ 𝐴 and 𝑏 ∈
𝐵, there exists a unique 𝑎 such that 𝑓(𝑎) = 𝑏. Then, define an inverse 𝑔 such that it 
maps 𝑏 to the unique 𝑎.

𝑔 is injective: Assume 𝑔(𝑥) = 𝑔(𝑦).

𝑔(𝑥) = 𝑔(𝑦)
𝑓(𝑔(𝑥)) = 𝑓(𝑔(𝑦))

𝑥 = 𝑦

𝑔 is surjective: Take any arbitrary 𝑎 ∈ 𝐴. Then, let 𝑏 = 𝑓(𝑎). Because 𝑓 is surjective, 
𝑎 exists for every 𝑏.Then, apply 𝑔 such that 𝑔(𝑎) = 𝑏. Then, for every 𝑏, there exists 
a 𝑎 such that 𝑔(𝑎) = 𝑏.

(c) Assume that 𝑓 : 𝐴 → 𝐵 and 𝑔 : 𝐵 → 𝐶 are bijections. Then, we aim to show that ℎ =
(𝑔 ∘ 𝑓) : 𝐴 → 𝐶 is a bijection.

As 𝑓 and 𝑔 are both bijections, 𝑓−1 and 𝑔−1 exist. Then, assume that ℎ(𝑥) = ℎ(𝑦). 
Then,

ℎ(𝑥) = ℎ(𝑦)
𝑔(𝑓(𝑥)) = 𝑔(𝑓(𝑦))

𝑓(𝑥) = 𝑓(𝑦)
𝑥 = 𝑦

Thus, ℎ is injective.

Exercise 2.10. ⋆

𝑆 is uncountable.

Assume by contradiction that there exists a bijection 𝑓 : ℕ → 𝑆. Then, let 𝑓(𝑛)𝑖 denote 
the 𝑖th element in the sequence.

We can construct a new sequence, such that

𝑎𝑛 = {0 𝑓(𝑛)𝑛 = 1
1 𝑓(𝑛)𝑛 = 0
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Then, this new sequence will differ from 𝑓(1) at the first element, from 𝑓(2) at the second 
element, and so forth. The new sequence is in 𝑆 because 𝑎𝑛 ∈ {0, 1}, but is not equal to 
𝑓(𝑛) for any 𝑛. Thus, 𝑓 is not surjective, leading to a contradiction.

Exercise 2.12. ⋆

(a) {(0, 1)}

(b) A collection of uncountably many disjoint open intervals does not exist.

Because ℚ is dense in ℝ, every nonempty open interval in ℝ must contain at least one 
rational number. Because each interval is disjoint, by definition, they may not share 
any elements, and thus they must not contain the same rational number.

Then, let 𝑓 be a function mapping these open disjoint intervals to a rational number. 
𝑓 must be injective as at most one interval can contain a given rational. Then, 
|set of disjoint open intervals| ≤ |ℚ| < |ℝ|, thus a collection of uncountably many 
disjoint open intervals cannot exist.

Exercise 2.13. ⋆

Exercise 2.16. ⋆

Let 𝐴 ⊆ ℕ.

If 𝐴 has an upper bound, then let 𝑛 ∈ ℕ be an upper bound such that ∀𝑎 ∈ 𝐴 : 𝑛 ≥ 𝑎. 
Then, |𝐴| < 𝑛, because there are only 𝑛 naturals ≤ 𝑛. Then, 𝐴 must be finite.

Otherwise, if 𝐴 does not have an upper bound, such that ∀𝑛 : ∃𝑎 : (𝑎 ∈ 𝐴) ∧ (𝑎 > 𝑛), we 
construct a bijection 𝑓 : ℕ → 𝐴, such that 𝑓(𝑛) = 𝑎 such that 𝑎 ∈ 𝐴 and there are exactly 
𝑛 elements in 𝐴 ≤ 𝑎.

𝑓 is injective. Assume that 𝑓(𝑥) = 𝑓(𝑦). Then,

Exercise 2.22. ⋆
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